
Rational Root Theorem 
 
 The rational root theorem states that given a polynomial with integer coefficients all of the 
rational solutions of that polynomial must be factors of the constant term divided by factors of the leading 
coefficient.  This is a powerful theorem and this leads me to comment on a problem that mathematics 
students often have early in their development.  They have no idea when to invoke a particular theorem 
that leads to an easy solution to a problem.  The answer, generally speaking, is never.  You may quote the 
theorem when you are confident that you can prove the theorem if asked on the spot.  As we will prove 
this theorem in slightly more generality later in this blog, I think it is appropriate to invoke it here to 
demonstrate how simply we might derive the desired result from it. 

This differs from the preceding proof in that we are proceeding directly using only a theorem and 

definitions.  There is no difference in the validity of the result.  A correct proof by contradiction is every 

bit as valid as a direct proof.   

We need only consider the equation 

 𝑥2 − 2 = 0.   

If the preceding monic polynomial has a root in ℚ then it must be a rational root of the form 
𝑓𝑎𝑐𝑡𝑜𝑟𝑠 𝑜𝑓 2

𝑓𝑎𝑐𝑡𝑜𝑟𝑠 𝑜𝑓 1
 

by the rational root theorem.  This is considered a nearly ideal situation in mathematics.  We have 

reduced an infinitude of possibilities down to an exceedingly small list which we can rapidly check.  Now, 

this gives us a finite set of possible roots: {1, −1, 2, −2}.   

(−1)2 − 2 = 12 − 2 = −1 ≠ 0  

(−2)2 − 2 = 22 − 2 = 2 ≠ 0    

Simply by evaluating each of these roots in the above polynomial, we see that no such root works and 

thus it fails to factor over ℚ.   

 


